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Why study dense Hydrogen? 

•  Applications: 
–  Astrophysics: giant planets, exoplanets 
–  Inertially confined fusion: NIF 

•  Fundamental physics:  
–  Which phases are stable?  
–  Superfluid/ superconducting phases? 

•  Benchmark for simulation: 
–  “Simple” electronic structure; no core states 
–  But strong quantum effects from its nuclei 



Simplified H Phase Diagram 



 Questions about the phase diagram 
of hydrogen 

1.  Is there a liquid-liquid transition in dense 
hydrogen?  

2.  How does the atomic/molecular or insulator/
metal transition take place? 

3.  What are the crystal structures of solid H? 
4.  Could dense hydrogen be a quantum fluid? 

What is its melting temperature? 
5.  Are there superfluid/superconducting phases? 
6.  Is helium soluble in hydrogen? 
7.  What are its detailed properties under 

extreme conditions? 
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Shock Wave Experiments 

•  Bullets/cannon balls 
•  Chemical/nuclear 

explosions 
•  Magnetic implosion 
•  Focused lasers  

National Ignition Facility  (fusion testbed) 
Lawrence Livermore National Laboratory 



Another Experimental Approach 

Diamond Anvil Cell 
 
Table-top experiment 
•  By making Area small we 

can make P large 
•  Diamonds are strong! 
•  Also they are transparent 

Static reproducible 
experiments 
•  Can get to 3MBars before 

diamond breaks 
•  0<T< 1000K 

Extend range of P,T by 
shocking compressed 
hydrogen 

P = Force / Area



Experiments on hydrogen 

       
Diamond Anvil  

Shock waves 



Quantum Monte Carlo 
•  Premise: we need to use simulation techniques to “solve” 

many-body quantum problems just as you need them 
classically. 

•  Both the wavefunction and expectation values are determined 
by the simulations. Correlation built in from the start. 

•  Primarily based on Feynman’s imaginary time path integrals. 
•  QMC gives most accurate method for general quantum many-

body systems.  
•  QMC determined electronic energy is the standard for 

approximate LDA calculations.  (but fermion sign problem!) 
•  Path Integral Methods provide a exact way to include effects 

of ionic zero point motion (include all anharmonic effects) 
•  Several different stochastic (QMC) methods used here: 

–  Variational Monte Carlo VMC (T=0) 
–  Projector Monte Carlo (T=0) 

•  Diffusion MC (DMC) 
•  Reptation MC (RQMC) 

–  Path Integral Monte Carlo  (PIMC)  ( T>0) 
–  Coupled Electron-Ion Monte Carlo  (CEIMC) 



Regimes for Quantum Monte Carlo 

Diffusion Monte Carlo 
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ab-initio with QMC 
Coupled Electron-Ion MC (CEIMC) 

CEIMC 
•  Perform MC for ions with “noisy” 

energies from T=0K QMC 
reptation method 

•  Penalty Method: 
–  Enforce detailed balance on 

average-no bias from noise! 
–  Causes extra rejections 

•  Correlated sampling for efficient 
energy differences 

Reptation 
 

•  Use path integrals to evaluate 
•  Project trial wavefunction into 

ground state consistent with 
chosen nodes to avoid fermion 
sign problem. But upper bound! 

•  Direct evaluation of ground state 
distribution 

•  Correlated Sampling for small ion 
displacements 
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New QMC Techniques 
•  Better algorithms, e.g. reptation 
•  Better finite-size scaling methods (Holzmann et al) 

–  Twist averaging for kinetic energy 
–  Coulomb corrections for potential energy 

•  Better trial wavefunctions  à better treatment of fermion 
statistics 

•  Coupled electron-ion Monte Carlo allows lower temperatures  
T~300K 

•  Optimization of trial function parameters 
•  Explicit calculation of entropy, free energy 
•  Computers/parallelization: Blue Waters   

 Approximations can now be controlled 
 Most older results were not converged 



Twist averaged boundary conditions 
•  In periodic boundary conditions, the wavefunction 

is periodic. Large finite size effects for metals 
because of fermi surface. 

•  In twist averaged BC, we use an arbitrary phase θ  
as r èr+L 

•  Integrate over all phases, i.e. Brillouin zone 
integration. 

•  Momentum distribution changes from a lattice  of 
k-vectors to a fermi sea. 

•  Eliminates single-particle finite-size effects. 
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Error is zero in the grand 

canonical ensemble at 
the mean field level. 



•  Make a move of the protonic 
paths 

•  Set up a 4D lattice of twisted 
boundary conditions (θx θy θz) 
and imaginary times (t)  

•  Send them all out to M 
separate processes  

•  Do QMC to get energy 
differences and variances 

•  Combine to get global 
difference and variance. 

•  Path Integrals and twist 
averaging are almost free.  
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Code Development 

•  We used 3 codes during this calculation 
–  BOPIMC: Fortran/MPI code used to develop method 
–  Quantum Expresso. DFT code to generate orbitals as 

protons are moving around 
–  QMCPACK.  C++ code developed by J. Kim that uses 

MPI, Open-MP, CUDA, will be used next year 
•  We have exploited several levels of parallelism 

–  twist averaging 
–  Path integrals 
–  Multiple state points 
–  Anticipating future moves 



 Liquid-Liquid transition? 

Superconductor 

LLT? 



•  Predicted a first order 
liquid-liquid transition 
in Hg, with change in 
conductivity 



Liquid-Liquid Transition 
Morales,Pierleoni, Schwegler,DMC, PNAS 2010. 

•  Pressure plateau at 
low temperatures 
(T<2000K)-
signature of a 1st 
order phase 
transition 

•  Seen in CEIMC and 
BOMD at different 
densities 

•  Finite size effects are  
very important 

•  Narrow transition 
(~2% width in V) 

•  Low critical 
temperature 

•  Small energy 
differences 

T=1000K



Dynamic	hea+ng	within	DAC	

M.	Zaghoo,	A.	Salamat,	and	I.	Silvera	(2015)	



Ramp	shock	at	Z-pinch		

Knudson	et	al,		Science	(2015)	
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OUTLOOK 
•  Rich,	subtle	phase	diagram	of	hydrogen.	
–  Liquid-Liquid	transi+on	predicted	in	pure	hydrogen	
–  Experiments	are	now	addressing	this	ques+on	
–  Crystal	structures,	mel+ng	temperatures	predicted	at	
higher	pressures.	

•  Simula+on	methods	can	now	predict	proper+es	of	dense	
hydrogen		(poten+ally)	much	more	accurately		because:	
–  Availability	of	Blue	Waters.	
–  Algorithmic	progress	gives	us	much	beKer	methods.	

•  QMC	can	be	used	tailor	func+onals	and	“force	fields”,	
which	can	be	used	on	much	larger	systems	with	MD.	

•  Our	goal	is	to	do	much	more	accurate	simula+ons	of	all	
sorts	of	materials.	


